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Q I Abstract 

, Assuming the Riemann Hypothesis, we show that infinitely often consecutive 

I non-trivial zeros of the Riemann zeta-function difi'er by at least 2.7327 times 

the average spacing and infinitely often they differ by at most 0.5154 times the 
^ . average spacing. 

^ : 1 Introduction 

■ Let ({s) denote the Riemann zeta-function. We denote the non-trivial zeros of ({s) 
a • a.s p = (5 + i'-f. Let 7 < 7' denote consecutive ordinates of the zeros of C{s). The von 
Mangoldt formulate (see [20]) gives 

>, Ar(T) = |llog-^ + 0(logT), 

^ ' where N{T) is the number of zeros of Ci^)^ s = a + it in the rectangle < a < 1, < 

. t < T. Hence, the average size of 7' — 7 is 2tt/ log 7. Let 

cn 



^ , A = limsup(7' — 7) 



log 7 



o: " 

and 

. II. = lim inf f^' — 'y) . 

where 7 runs over all the ordinates of the zeros of the C{^)- [13], Montgomery 
suggested that there exists arbitrarily large and small gaps between consecutive zeros 
of C{^)- That is to say fi = and A = +00. 

Understanding the vertical distribution of the zeros of the zeta-function is very 
important for a number of reasons. One reason. In particular, in [S] also [15|, it was 
pointed out that spacing of the zeros of the zeta-function connected with the class 
number problem for imaginary quadratic fields. Also, the gaps between consecutive 
zeros of the Riemann zeta-function relate to the zeros of the derivative of the Riemann 
zeta-function near the critical line, see [6].[8].[TT].[T9].[2T]. 

Unconditionally, in 1946, it's remarked by selberg [18] that n < 1 < X. In 2005, 
by making use of the Wirtinger's inequality and the asymptotic formulae of the fourth 
mixed moments of the zeta-function and its derivative, R. R. Hall [10] proved that 
A > 2.6306. This result is even better than what was previously known assuming RH. 
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Assuming RH, let T be large and K = T(logT) ^. Further, let 



where 

^ ^ 2sin(7rc|^) 
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vrlogn 



and A is the von Mangoldt's function. On RH, by an argument using the Guinand-weil 
explicit formula, Montgomery and Odlyzko [I^, in 1981, showed that if h{c) < 1 for 
some choice of c and {a„}, then A > c, and if h{c) > 1 for some choice of c and {ci„}, 
then /i < c. They chose the coefficients 

k2 logK k2 logK 

where / is a continuous function of bounded variation, and A(A;), the Liouville function, 
equals (— 1)^^^^; here, il{k) denotes the total number of primes of k. Then they obtain 
A > 1.9799 and fi < 0.5179 by optimizing over such functions /. 

In 1982, by a different method, Mueller [16] showed that A > 1.9 which is an 
immediate consequence of a mean value theorem of Gonek [9J. 

Montgomery and Odlyzko's results were soon improved by Conrey, Ghosh and 
Gonek [5] in 1984. In [3], Conrey, Ghosh and Gonek altered the coefficients to 

dr{k) , X{k)dr{k) 

ttk = — — and ttk = 1 

where dr{k) is a multiplicative function and for a prime p, 

r(m + r) 



drip"- 



r(r)m\ 



By the choices r = 2.2 and r = 1.1 respectively, they improved the values to A > 2.337 
and /X < 0.5172. 

Recently, H. M. Bui, M. B. Milinovich and N. Ng [2\ combined the coefficients of 
[H] and [3] and got the coefficients 

dr{k) logk X{k)dr{k) logk 

«fc = —^fi] 77) and ak = /(- -). 

ki log A k2 log A 

By optimizing over both / and r, they obtain A > 2.69 and fi < 0.5155. 

There are still some results about A on the condition of GRH. Conrey, Ghosh and 
Gonek [4j combined the ideas of Mueller \l6l and [3j and then proved A > 2.68, also, 
by a general moUifier, N. Ng [17] improved the result to A > 3. Still, by a extension of 
the mollifier of N. Ng, H. M. Bui [1] proved A > 3.0155. 

The works of [5], [2] are based on the idea of [2]. Our work is still based on this, 
and the results are 
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Theorem 1.1 If the Riemann Hypothesis is true, then A > 2.7327 and /x < 0.5154. 

In order to prove Theorem 1.1, we choose the coefficients 



_dr{k) \ogK/k dr{k) ^ fi^{piP2)\ogpi\ogp2 AogK/k 

ki \ogK k2 log^K hgK 

and 

_\{k)dr{k) \ogK/k \{k)dr{k) ^ ^^{piP2)\ogpi\ogp2 AogK/k 

PiP2\k " 

where /i, /2 are some polynomials which will be specified later. 

We now give some further insight into the coefficients used here. We note Yliprp2\k l^SPi logP2 
approximates the coefficient of and \{k) '^p^p^\k^ogpi \0gp2 approximates the co- 
efficient of ^^^^Ijp^- Hence, The choices of the coefficients used here make A{t) = 
'^k<K^kk~^^ behave like a differential polynomial of + itY and + it) and a 
differential polynomial of C(l + 2itY /C,{^ + ity and + it) respectively. 

The coefficients we choose here are motivated by Feng [7]. In [7], the mollifier 

^ ^{k) \ogy/k \ogy/k ^ logpilogpa 

logy/k y--^ logpilogp2logP3 
+ logy > log^y 

PiP2Pi\k 

\ogy/k sr^ log pi log p2 ■ ■ ■ log , 



logy ^ log^^ 

PiP2---Pi\k ° 

was introduced to improve the result on lower bound of the proportion of zeros of the 
Riemann zeta-function on the critical line. 



2 Some lemmas 

To prove Theorem 1.1, we need the following lemmas 
Lemma 2.1 (Mertens Theorem). 

5] + 0(1). 

p<y 

Lemma 2.2 (Levinson jl2j). 



^i^ = 0(loglog,). 

pb 
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Lemma 2.3 For fixed r > 1 



k<x 
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^2 



J2 ^ = Ailogxf + OiilogTr-'] 



uniformly for x < T. 

Lemma 2.4 Let aj = 1,2 for 1 < i < m, and / is a continuous function, D > 1, 
then 



^ log°l ^a;i /""l log""* ^X2, f-i^^-^mf{xiX2---Xmx) 
axi / ax2 ■ ■ ■ I dx 

Xl Ji X2 Ji X 

n::i(a.-l)! /'^/(x)logS-«'a; 



-dx. 



X 



(E^i«i)! Ji 

Lemma 2.1-Lemma 2.3 are familiar results and Lemma 2.4 is the Lemma 9 of Feng 



3 Proof of Theorem 1.1 

In this section, we prove the Theorem 1.1. At first, we give a lower bound for A by 
evaluating h{c) with the coefficient 

_dr{k) logK/k dr{k) ^ fi'^ {piP2) log pilog p2 , Aog K/k 
k2 hgK k2 log^i^ logK 

PiP2\k " 

where r > 1 and /i, /2 are polynomials. Employing this coefficient, we have the 
denominator in the ratio of sums in the definition of h{c) is 

E 2 ^ dr{kf AogK/k^ 

k<K k<K ^ 



log'^K 



^ dr{kf log K/k log K/k ^ n'^{piP2)logpilogp2 

dr{kf logK/k r, sr-^ fi'^ jpm) log Pi logp2 
^ ^ logi^ ^ ^ log^K 

k<K ^ pip2\k ^ 

log'K 

--Di + D2 + D3 
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with obvious meanings. By Abel summation, Lemma 2.3 and recalling that K — 
T(logT)-2, we have 

^Ay{logKy'' [\l - uf-'h{ufdu + 0((logT)'-^-i) 

JO 

=Ay{\ogTf [\l-ur'-'h{u)'du + 0{{logTf-'+^), (3.1) 



where e > is arbitrary and the constant of O is decided by r, e and /i. Substituting 
k with piP2^o, we find that 

D ^2 /^^(PiP2) logPi ^ogP2dr{piP2kof log AT/piPafep w AogK/piP2ko 

" ,.k<K PmkoWK logK ^^'^ logK 

For dr{ri) — 0{rf) with arbitrary e > 0, 

•sr^ y-^ dr{p')\ogp ^ ^1 

i=2 pi<x ^ p<x i=2 ^ 

Then we note the terms for which (A;o,PiP2) 1 contribute at most 0((logT)''^~^) in 
D2. We will also face similar problems in the remainder of the article and not point 
out any more. By this and Lemma 2.3, we have 

^ ^ 2r^ IJ?{piP2)logpilogP2 drjkof log K/pip2ko 

x/.( '°'^f''f'° ) + o((iogr)-'-) 

log A 

274rr^ ^ /i^(piP2) logpi logp2 fpiP2 \ogK/pip2X 



EH' \PIP2) ^O^Pli-O^P2 "r^i lU^I\/pip2X 



l0girMp2X 

log A X 
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Let / be a continuous function bounded on [1, i^], i > 2 and > 1 are integers for 
1 < m < i, then 

EH^{piP2 ■■■Pi) log"^ Pi log"' P2 ■ ■ ■ log"' Pi s. 
/ PlP2 ■■■Pi) 
pm^^^Pi 



= E 



fJ- {PlP2 ■ ■ ■ Pi-l) log"' Pi log"" P2 ■ ■ ■ log"' ' Pi-1 



PiP2---Pi-l<A 

^ log"'p^ ^^ 

Pj<if/PlP2---P<-l ' 
(Pi.PlP2---Pi-l)=l 



E 



;U 0^17^2 • • • P,-l) log'" Pi log"- P2-- ■ log"' ' p,- 



1 



PiP2---Pi-l<A 

^ log"'p»,, . 

— Pi 

Pi<K/pip2---Pi-i 

_^ At^(piP2 • • ■Pi-i) log"' Pi log"' p2 ■ ■ ■ log"'-' 

piP2---Pi-i<K 

^ log"-p^ ^^ 

I ^ Pi 

Pi\pip2-Pi-1 

By Lemma 2.1 and Lemma 2.2 

Ai^(piP2 • • - Pi-l) log"' Pi log"' P2 ■ • • log"'-' Pi_i 



E 



P1P2— Pi-l<^(r 

^ log"'p^ 

Pi 

P<|piP2---pi-l 

i-1 



< n log"'~^irioglogir = 0((logir)^-=i"--^+^). 

m=l p<K ^ 

Then by Lemma 2.1 and Able summation, 

A*^ bi^^2 • • • Pi) log"' pi log"' p2 • • • log"' Pi 

/ (P1P2 ■■■Pi) 

pm^^^Pi 

PiP2-Pi<K 

At'(piP2 • • • Pi-i) log"' Pi log°^ P2 • • • log"'-' Pi-1 

^ PlP2---Pi-l 

piP2---Pi-i<K 



X 



/ /(P1P2 • • -Pi-ix) log"'-^ X— + 0((logX)^-=i"'"-^+^). 

7i ^ 
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We can treat pi-i the same to pi, then by induction, we have 
/i^(piP2 ■■■Pi) log""' pi log"'' p2 - ■■ log"" p 



ypiP2 ■ ■ ■ Pi /^liog p2---yo^ Pi,, . 
f{PiP2 ■■■Pi) 

PiP2---Pi<K 

= / log"^-^xi— / log"^-^a;2— ■■■ / / XiXa-'-Xi log^'-'x,— 

+ 0((logir)^-=i"'"-^+^), (3.2) 
where the constant of O is decided by /, e. Employing this with i = 2 and 



K 



1 fviV2 \ogK/piP2X \0gK/piP2X .^2_^dx 

■f=n ^1 i F ^2 ] ^ logx — , 

[log Ky J I log A log A X 



we obtain that 



2y4rr^ dxi f ^1 dx2 f ^i==2 log -ft'/xia;2a;^ 



log K J I xi J I X2 J I log K 

^ r AogK/xiX2X .,.2_^dx rr^r^-l+e^ 

X /2( )(logx) — + 0((logT) +) 

log A X 



By Lemma 2.4, we have 



2Arr^ ^ dxi f^i . AogK/xix, J. AogK/xiX^.. , ^2_i 

y— / logxi / /i — /2 — ^ logx — 

log^i^Ji xi J I logK logK X 



By variable changes u = 1 — , f = 1 — l2g£i£ 



+ 0((logT)'-^-i+^) 

1 (y — X 

logK ' ^ logK ' 

^2 =2A,r«(logir)'-^ / \l - u) f\u - vy"-^h{v)f2{v)dvdu + 0((logT)^'-i+^) 
Jo Jo 

pi pu 

=2Arr\\ogTf (l-u) {u-vf-^h{v)f2{v)dvdu + 0{{\ogTf-^+^), 
Jo Jo 

(3.3) 

where the constant of O is decided by r, e and /i, f2- It's easy to find (see Lemma 8 
of 0) 

/i^(piP2) logpilogp2 ^ /i^(gig2)loggilogg2 

piP2|A; gi(j2|fc 

= ^ yu^ {PiP2PzPa ) log Pi log p2 log ps log P4 

P\P2PiPi\k 

+ 4 ^ f/ipiP2P3) log^Pl logP2 logP3 + 2 l^'^jPrn) log^Pl log^ j32- (3.4) 
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By this, we have 

drikf , AogK/k 2 yu^ {P1P2P3P4) log Pi log log Ps log p4 



fe<K PlP2P3P4|fe 

^ dr{kf log K/k 2 ^2(piP2P3)log^Pilogp2logp3 

^ C^fc)^ log^^ 2 n'^{piP2)log^Pl log^P2 

+ ^Z^ logK ^ ^ log^K 

k<K ^ pip2\k ^ 

=D^l + D^2 + ^33 

with obvious meanings. Similarly to D21 interchanging the summations, by fl3.2p . 
Lemma 2.3 and Lemma 2.4, we have 



(P1P2P3P4) logpi logp2 logps logP4 



^.ip™</. ^^^^^^^^ 



^ y \ogK/p,p,p,p,k ^ 

/c log i\ 

fc<ii'/pip2P3P4 



-4rr^° ^ ;u2(pip2P3P4)l0gPll0gp2l0gP3l0gP4 



K 



^ r™^. ^ l0gKM^2l>3l>4X 2(^^g^).^-l^ ^ 0((l0gT)^^-- 
J I log A X 

y4j.r^° /"■'^ 3 dxi \ogK/xix,2,, ^r^-idx 



eiog^K 



/ 1 3 logisT/xix 2., .r^.idx 

/ log xi / /2 — (logx) — + 0((logr) 

Jl Xi J I log A X 



{u - t;)"'-V2(t^)'f^t^c^M + 0((logr)^^'-i+^) 
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with variable changes u^l-^^,v^l- Similarly, 
_ 4r6 ^ /i2(pip2P3)log^PilogP2logp3 



X 5: *^A(l2^>fM,. + o((iogr)'-'! 

A; log ii 

k<K/piP2P3 

AArr^ jr-^ jj? (P1P2P3) log^ Pi log P2 log Pa 



E 



J I log A x 

/ — / /2 ^ f log^r + logry 

ii a^i Ji log A X 



r%(logr)''' [\l-uf r{u-vy"-'f2{v)^dvdu + 0{{logTy"-'+'), 
Jo Jo 



and 



2r^ ^ /x^(piP2)log^Pilog^P2 drjkf \ogK/pip2k ^ 

log^K ^ P1P2 ^ A; -^^^ log A ^ 

+ 0((logT)'-^-i) 

2A^r^ .r-^ //2(piP2)l0g^Pll0g^P2 l0gK/piP2X2^. .r^_idx 

7 / . — / hK — rmT — ) l^ogxj — - 



Jl logi^ ' '"^ ' X 



+ 0((logT)' 

ArT^ 3 dXi logK/xiX^ .r^_idx ^Nr2-1+6N 

=^T^/ - + o((iogr) -) 

=VA(logT)'-' /" r{u-vy'-^f2{vfdvdu + 0{{\ogTy'-^+'). 

Hence, 

=A,{logTy\y' + ^r' + J\l - uf j\u - vf-'f2{vfdvdu 

+ 0{{\ogTf-'+^), (3.5) 

where the constant of O is decided by r, e and /2. 

We now evaluate the numerator in the ratio of sums in the definition of h{c). If we 

let 



nk<K 
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then a straightforward argument shows that 

2 ^ dr{k)dr{nk)A{n) . logn log K/k log K/nk 

nk<K 

logK/nk logK/k ^ /^^(piP2) logpi logp2 
log A log A log K 

piP2\k " 

, r AogK/k logK/nk ^ /^^(pipa) logPi logP2 

piP2\nk 



logK/k logK/nk ^r-^ /^^(pips) logpi logps 

piP2\k ° 

(gigs) log gilog gs, 



^ ^ AX ygigsj ^^agi ^^ag2 .^ 

with the obvious meaning. By the familiar distribution of A(n), we have 

2 ^ dr{k)dr{nk)K{n) logn logK /k ^^ ^ log K/nk ^ 

knlogn '^"^^"i^^^^^l^^^^^^^^ 

2 ^ d,.{k)(I,{pk) . logp logK/k logK/pk 
2r ^ sin(7rcjg|) logi^/fc logi^/pfc ^mnrrr^-M 

By Lemma 2.3 and Abel summation, we have 

+ o((iogrr^-^). 

Prom Lemma 2.1 and Abel summation, 

2Ar^ /■^ sin(7rc||^) /-il logiT/g; logiT/xXi ,,, 2_,dx 

= / ] — dxi / /i(- — /i — -^)(logxf — 

TT XilogXi Ji log/T log/T X 

+ 0((logT)^^-^). 
Interchanging the order of integration, it follows that 

2Arr^ logir/xi,,, ,,2_,dx, /-f sin(7rcgf) logir/xxi.dx 



TT Ji logii' J I logX logK X 

+ 0{{logTf-'). 
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Let = 1 - = h^^^ 

Jo Jo V 

+ OiihgTf-'^^) 

■(logT) / fi{u) fi[u - v)dvdu 







+ 0{{\ogTr-'^^), (3.6) 

where the constant of O is decided by r, e and /i. Similarly, 

2 logp c/r(fc)dr(A;p) logir/p/c logiT/fc 
^2 =- > sm TTc- — - /i — j ^ /2 -j ^ 

TT j-^^^ logT /C» log A log A 

pk<.K 



,, log AT 



^ fi\piP2)logPi logP2 ^ sin(7rcgf)rf,(A;)2 



7rlog^/r ^„ 

° PiP2<K pk<K/pip2 

^ logg/pp.p.t log AVy<. + 0((logr)-'-') 

log A log A 

From the calculation of Ni, we know the inner sum in the main term of the last 
expression of is 

2 \ogK/pip2Xi yr^_idxi 

J I iogK xi 

^ r¥±^ smjTTC^^) \ogK/pip2XXi dx ^ QUI j^y'-U 
J I logx logK X 

Employing this and by (13. 2p . an argument similar to D2 shows that 

2Ay dxi \0gK/xiX2.,. .r^_idX2 
^2=^1 7^ logXi / /2( )(logX2) 



7r{\ogK)'^ xi Ji logK X2 



K ■ / logX' 



logx \ogK X 



Then, by variable changes u = l- v = l- ^^f^ 



w 



logK^ ^ log X ' log X ' 

N,=^^{\ogTy' !\l-u) !\u-vf-^f2{v) r^^^^^^f,{v-w)dwdvdu 

Jo Jo Jo W 

+ 0{{\ogTf-'^^), (3.7) 
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where the constant of O is decided by r, e and /i, /2. Still, 

2 . / logp dr{k)dr{kp) log K/k log K/pk 

X XI /^^(PlP2)l0gPll0gp2 + C>((l0gr)'''-^). 

PiP2\pk 

A simple calculation shows that 

XI /^^(PlP2)l0gPll0gP2 = X ^^(^^1^^2)l0gPll0gP2 + 2l0gpX^0g^^l' (^-S) 

piP2\pk piP2\k pi\k 

for (p, k) = 1. For those items with {p, k) ^ 1 in N3 contribute 0((logT)''^~^) at most, 
therefore, we can employ this in the main term of the expression of A^3 and denote that 
Ns = + N32 + 0((logr)^'-i), where 

^ 2r5 ^ /x^(pip2)logPilogP2 V- M^c'^)dr{ky 



^ log K/pp^p.k lo,K/p,p,k ^ oidogTf-) 

log A log A 



2Arr'^ f dxi f^i logi^/xia;2, sr'2-idx2 

— -— / logXi / /i — l0gX2)'^ 

irilog Ky J ^ xi J I logK X2 

^ '^''('''B^^^^osK/xx.x. dx^ 2 

J I logx logK X 

9 4 ^7 /■! ru 

^^{logTf / (l-u) {u-vf~'h{v) 

TT Jo Jo 



X r _ w)dwdvdu + 0((logr)'-'-i+^) 

Jo ^ 



and 



4r3 ^ logpi ^ siJ^(^cS)'^'-^^)'^"g^ f logK/pp^k 

10^ 
log A 

AAfT^ dxi f~ logi^/a;ia;2. , ^r'^_idx2 f^T^ . logo;. 



log A X 

-{logTy / / {u — vy~^fi{v) / sin{7r cw) f2{v — w)dwdvdu 
Jo Jo Jo 



+ 0{{logTf''^^), 
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So, we have 

N^J^^iXogTY' !\l-u) r{u-vY'-'Mv) r ^^^^^^^^f^{v-w)dwdvdu 

Jo Jo Jo W 



TT 



{u- 



H (logT)'' / / {u — vY fiiv) / sm{ncw)f2{v — w)dwdvdu 







+ 0((logT)^^-i+^), (3.9) 
where the constant of O is decided by r, e and /i, /2. Finally, 

2 . / \ogp dr{k)dr{kp) log K/k log K/pk 

^4 =— r-TT7 sm vrc- — - -j ^ /2 — j ^ 

nlog K ^f^^ logT fcp log A log A 

X X] Ai^(PiP2)logPilogp2 ^ /i^(gig2) loggilogga + 0((logT)'''"^). 

piP2|fc q\q2\pk 

By (133!) and (JHSj), we have 

/U^(PiP2)logPilogp2 5Z /"^('?i'?2) log'?ilog^2 

PiP2\k qiq2\pk 
= ^ /i^ (pmPsPA) log Pi log P2 log P3 log Pi 

PlP2P3P4\k 

+ 4 ^ /i^ (P1P2P3 ) log^ Pl log P2 log P3 + 2 ^ /i^ (piP2 ) log^ Pl log^ P2 

PlP2P3\k piP2\k 

+ 2 log p ^ /i^ (P1P2P3 ) log Pl log P2 log P3 + 4 log p ^ (PlP2 ) log^ Pl log P2 , 

PlP2P3\k PlP2\k 

for (/c,p) = 1. Hence, an argument as before shows that 



N, =^(^r" + V + V)(logT)^^ [\l - uf f 
71" 3 3 3 Jq Jo 

r sin(7rcu7) n . . . 

X / j2[v — wjdwdvdu 



{u-vY-'f2{v) 



w 



{u~vY-'f2{v) 



+ ^(2r9 + 4r^)(logT)^' f\l - uf /""( 

Jo Jo 

X / sm{Tr cw) f2{v — w)dwdvdu 
Jo 

+ Oi{logTf-'^n, (3.10) 
where the constant of O is decided by r, e and /2. Consequently, we find that 

N1 + N2 + N3 + N4 



h{c) = c 



D1 + D2 + D3 



where - D3, - are given by dSl]), dS^D-dSZD, dSS]), CTI]) . Choosing 

r = 2.6 and /i(x) = -3.54 - 42.94x + SS.OSx^ - 34.33^3 , /2(x) = 4.56 + 63.02x + 
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42.72x^ + 34.45x^, we obtain (by a numerical calculation) that /i(2.7327) < 1 when T 
is sufficiently large. This provides the lower bound for A in Theorem 1.1. 

Since A(n)^ = 1 and X{np) = — A(n) for every n E N and every prime p, we can 
evaluate h{c) with the coefficient 

_X{k)dr{k) log K/k \{k)dr{k) ^ /^^(pipa) logpi logp2 . Jog A'/fc. 
k2 log if k^2 ^ XogfK log if 

as before. Here, as above, /i,/2 are polynomials. With this choice of coefficient, we 
obtain that 

nic) = c H — — — , 

where - D^, - are given by ([XI]), ([S3D, (E3])-([X7D, dSSD, fIXTO]) . Choosing 
r = 1.18 and /i(x) = 1.25 + 0.95a; + 2.07a;2-2.21a;3 , /2(a;) = 0.7 + 1.92a;, we obtain (by 
a numerical calculation) that /;,(0.5154) > 1 when T is sufficiently large. This provides 
the lower bound for /i in Theorem 1.1. 

It's worth to remark that we may generalize the coefficient to 

dr{k) \ogK/k AogK/k ^ logpilogps 
k2 \ogK \ogK ^ log^if 

PiP2\k 

\ogK/k ^ logpilogp2logp3 , 

P\P2P3\k " 

logif/A; ^ logpilogp2 • ■ -logp/- 

PiP2---pi\k " 

for any integer i > 2. There is no problem to calculate h{c) with this coefficient. 
However, the numerical calculation doesn't seem like there is much to gain by increasing 
any more item of the coefficient we choose. 
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